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When a magnetic field is forced to evolve on a time scale τev, as by footpoint motions driving
the solar corona or non-axisymmetric instabilities in tokamaks, the magnetic field lines undergo
large-scale changes in topology on a time scale approximately an order of magnitude longer than
τev. But, the physics that allows such changes operates on a time scale eight or more orders of
magnitude slower. An analogous phenomenon occurs in air. Temperature equilibration occurs
on a time scale approximately an order of magnitude longer than it takes air to cross a room, τev,
although the physical mechanism that allows temperature equilibration is approximately four orders
of magnitude slower than τev. A Lagrangian analysis allows the fundamental equations to be solved
and both phenomena explained. Bridging the gap between derivations using a Lagrangian analysis
and the paradigms and presumptions of traditional studies of magnetic reconnection is difficult, so
the Lagragian analysis has been largely ignored. The theories of thermal equilibration and magnetic
reconnection are developed in parallel to help readers obtain an understanding of the importance
and nature of Lagrangian methods.
I. INTRODUCTION
A search on the Web of Science for the term mag-
netic reconnection yields over fifteen thousand re-
sults. The first is the 1956 paper of Parker and
Krook [1], which discusses the “severing and recon-
nection of lines of force” in connection with the mag-
netic dynamo problem. This will be taken to be the
definition of the term magnetic reconnection.
A magnetic evolution in which the magnetic field
lines can be interpreted as moving with a velocity
~u without severing and reconnecting will be called
ideal. In 1958, Newcomb [2] showed that a magnetic
evolution is ideal when
∂ ~B
∂t
= ~∇(~u× ~B). (1)
The velocity ~u of of a magnetic field line along itself
can be chosen for mathematical convenience; only
the perpendicular velocity ~u⊥ is physically relevant.
When a magnetic field is embedded in a plasma,
resistivity η allows the severing and reconnection of
magnetic field lines, but on a time scale τη ≡ µ0L2/η
that is the magnetic Reynolds number Rm times
longer than the ideal-evolution time scale, τev '
L/u⊥ with L a spatial scale. In many important
cases, Rm is greater than 10
8, yet magnetic recon-
nection is prevalent on a time scale τr that is only
an order of magnitude longer than τev.
Analogous physics and mathematics arise in the
equilibration of the temperature in a room. The
ideal equation for a thermal evolution is ∂T/∂t+~v ·
~∇T = 0, with ~∇ · ~v = 0, allows no change in the
topology of the the hot and cold regions. An ideal
evolution conserves the volume-averaged root-mean-
square (RMS) deviation of the temperature from its
average value;
〈
(T − T¯ )2〉, where T¯ ≡ 〈T〉. But in
an actual room,
〈
(T − T¯ )2〉 relaxes on a time scale
τr, which is only an order of magnitude longer than
the time required for the flow of the air ~v to cross
the room, the evolution time τev ' L/v. Thermal
diffusion, which allows the breaking of the topology
of the the hot and cold regions and the relaxation of〈
(T − T¯ )2〉 is intrinsically four orders of magnitude
slower than τev.
Both magnetic reconnection and thermal relax-
ation are examples of mixing enhanced by a number
of orders of magnitude through stirring. As defined
in a major review [3]: “Stirring is advective redistri-
bution, i.e., purely kinematic transport, and mixing
is stirring together with diffusive effects.”
The reason the time for topology breaking, τr, is
only an order of magnitude longer that the ideal-
evolution advective time scale, τev, is that although
ideal advection preserves topology it exponentially
distorts shapes, Figure 1. Diffusion need only give
transport across the thinest regions in these dis-
torted shapes to destroy topology conservation, so
diffusive effects enter the τr time scale logarithmi-
cally. The natural logarithm of the large numbers
that arise in physics lie within a factor of three of
value twenty; ln(786) ≈ 20/3 and ln(1.14 × 1026) =
3× 20.
To be convinced beyond what is possible by math-
ematics, construct diagrams of magnetic flux tubes
as in Figure 1 and attempt to explain why η/µ0 diffu-
sion across the exponentially thinning regions would
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FIG. 1: The same figure can be used to illustrate the
evolution of tubes of streamlines of a time dependent
divergence-free velocity that depends on two coordinates
and time, ~v = zˆ × hv(x, y, t) or of a magnetic field at a
fixed time, ~B = Bg zˆ+ zˆ× hb(x, y, z) with Bg a constant
guide field. Figure 1a shows how a tube of streamlines
started on a circle will distort into an ellipse as time ad-
vances or a circular magnetic flux tube will distort into
an ellipse as a function of z. Figure 1b illustrates how the
tubes distort if the streamlines are followed much longer
in time or the magnetic field much further in z. Figure
1c illustrates a model [8] that can be used to study re-
connection when the initial magnetic field is a constant
Bg zˆ. The evolution is driven by a perfect conductor flow-
ing with a velocity ~vf = zˆ × hv(x, y, t) at the bottom of
the diagram and a fixed perfect conductor at the top.
Figure 1b shows the distortion of flux tubes that are pe-
riodic squares on the fixed perfect conductor when they
reach the flowing conductor. This chaotic case, which is
invariant-preserving during the time it was followed, was
calculated by Yi-Min Huang and used in A. H. Boozer,
Nucl. Fusion 55, 025001 (2015).
not lead to rapid reconnection.
In astrophysics, a magnetic flux tube can imply
that the magnetic field is far stronger within the
tube than without. Magnetic flux tubes are too im-
portant for understanding magnetic fields that vary
smoothly in space to allow this implication to im-
pede thought. Here a magnetic flux tube is defined
by the trajectories of a set of contiguous magnetic
field lines.
Three concepts that are fundamental to the the-
ory of both temperature equilibration and magnetic
reconnection will be discussed.
1. Large forces arise unless the flow velocity is
constrained so the flux of energy equal to the
energy density times the velocity.
The constraint for air flow is ~∇ · ~v = 0. The
constraint on the velocity of magnetic field
lines is ~∇ · ~u⊥ + 2~u⊥ · ~κ = 0, where ~κ is the
field-line curvature.
This constraint is obeyed for the same reason
that a stream will flow down a narrow and
circuitous ravine even when it could greatly
shorten its path by flowing up and over the
steep sides. Two spatial coordinates are re-
quired to satisfy the ~∇ · ~v = 0 constraint,
but three are required to satisfy the analogous
magnetic constraint. Two-dimensional recon-
nection theory is unrepresentative just as one-
dimensional thermal equilibration theory is.
2. The flow velocity must not only satisfy
the energy-flux constraint but must also be
chaotic.
Chaos does not mean the flow is indeterminate
or turbulent. The standard mathematical def-
inition is that the streamlines of a chaotic flow
are calculable but have a separation that in-
creases exponentially in time. Chaotic flows
can preserve spatially bounded invariant sur-
faces f(~x, t) with ∂f/∂t+~v·~∇f , but f becomes
exponentially more convoluted and, therefore,
sensitive to errors as time progresses, Figure 1.
Although the condition that the flow be
chaotic may sound restrictive, it is a non-
chaotic natural flow that is essentially impos-
sible to realize. No special effort is required
to achieve enhanced mixing by stirring. Every
cook knows that stirring enhances the mixing
of fluids—no particular pattern of stirring or
detailed computations are required.
For fast magnetic reconnection, a chaotic flow
~u⊥ for the ideal evolution is required but is
not sufficient. A flow in two spatial dimen-
sions ~u⊥ that is chaotic because of its temporal
dependence will cause an exponential increase
in the magnetic field strength, a case studied
by Longcope and Strauss [4]. Magnetic field
lines are defined at a fixed time; their tempo-
ral dependence is irrelevant to whether they
are chaotic. A central question in toroidal fu-
sion plasmas is whether magnetic surfaces ex-
ist, ψ(~x, t) with ~B · ~∇ψ = 0 with the constant-
ψ surfaces spatially bounded. A chaotic ideal
flow that makes makes the magnetic field lines
chaotic does not directly break the magnetic
surfaces, but the magnetic surfaces become ex-
ponentially more convoluted and sensitive to
errors with distance along the magnetic field
lines.
3. Lagrangian coordinates, which are defined by
the streamlines of the flow, allow exact solu-
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tions to be obtained even in chaotic flows.
The importance of Lagrangian coordinates in
this context was first explained in 1984 by Aref
[5] who applied them to differential operators
of the form ∂T/∂t + ~v · ~∇T . In 1999, Tang
and Boozer [6] used Lagrangian coordinates
to study the solutions to the full advection-
diffusion equation, ∂T/∂t+~v·~∇T = ~∇·DT ~∇T .
In both thermal equilibration and magnetic re-
connection, the ideal part of the evolution is
intrinsically many orders of magnitude faster
than the non-ideal, but without the non-ideal
terms neither the constant-temperature con-
tours nor the magnetic field lines can change
their topology.
Before Aref’s paper [5], it was commonly assumed
turbulence accounted for the enhancement of mix-
ing by stirring. Actually small-scale turbulence,
`turb, impedes system-scale mixing as compared to
advection-enhanced mixing with the same flow speed
v. Turbulence produces diffusive mixing with an ef-
fective diffusion coefficient Dturb ≈ `turb∆v, where
∆v is the change in the velocity over the scale `turb,
Equation (31.2) in Fluid Mechaninics by Landau
and Lifshitz [7]. The time scale for turbulent mixing
is τturb ≈ L2/Dturb, so τturb/τev ≈ L/`turb >> 1.
Optimal stirring has the same spatial scale as the
desired region of mixing. Even with optimal stirring,
advective motion requires approximately ten times
the evolution time τev ≈ L/v to produce the com-
plex patterns that exponentially enhance the rate of
mixing.
A simple experiment that proves that turbulence
is unnecessary for enhanced mixing is the prepara-
tion of a peanut butter and syrup sandwich—a skill
mastered by American children shortly after they
learn to pour their own glass of milk. Put a blob
of peanut butter and one of syrup on a plate and
move a dinner knife back and forth through them.
Approximately ten strokes of the knife, they are
throughly mixed—even the patience of a child is not
taxed–but the viscosity is so high that neither sub-
stance moves except when pushed by the knife.
Lagrangian coordinates are rarely the optimal
method for obtaining numerical solutions but pro-
vide constraints and conditions on the validity of
solutions. When topology breaking terms are ten to
twenty orders of magnitude smaller than the domi-
nant advective terms in the evolution, direct numer-
ical simulations are not practical. Lagrangian meth-
ods rigorously determine the properties of solutions,
but some find these methods unsettling. A reviewer
of an earlier paper felt that Lagrangian constraints
on systems that cannot be solved numerically “effec-
tively makes his theory unfalsifiable by direct numer-
ical simulations. Unfortunately, it also pushes his
theory into the realm of non-science.” Actually, com-
parisons between numerical studies and Lagrangian-
coordinate solutions are of great importance for de-
termining when and how extrapolations can be made
from what is calculable to what is needed to address
practical problems.
Analytic methods are at their most powerful in
physics when the critical parameters are separated
by many orders of magnitude. Numerical methods
are at their most powerful when all critical parame-
ters are of a similar magnitude. Lagrangian methods
are one example of this; adiabatic invariants are an-
other. The best known adiabatic invariant is the
ratio of the energy of a dissipation-free pendulum
divided by its frequency as the length of the pendu-
lum is slowly changed. As the change in length be-
comes slower, a numerical calculation of the ampli-
tude of the swing becomes ever more inaccurate and
time consuming, but the adiabatic invariant, which
determines the amplitude, becomes more precisely
conserved.
The application of Lagrangian methods to mag-
netic reconnection was used in several papers by
Boozer in 2019 to (1) demonstrate [9] that the non-
ideal part of the magnetic field grows exponentially
in time, (2) show [10] that energetic particles can be
accelerated even though the non-ideal parallel elec-
tric field is exponentially small, and (3) determine
[11] that magnetic field lines that pass within a dis-
tance of c/ωpe of each other at any point on their
trajectories cannot be distinguished in an evolution,
which changes the effect of magnetic nulls on recon-
nection theory. Magnetic helicity was shown to have
only an exponentially small change during the recon-
nection process itself [10], but the spatial spreading
of the parallel current caused by the reconnection
can lead to a rapid dissipation of the helicity during
tokamak disruptions. These papers showed the im-
portance of Lagrangian methods to understanding
magnetic reconnection, but appear to have had lit-
tle impact within the reconnection community. This
presumably derives from fundamentally differences
in method and conclusions from traditional studies.
New results on reconnection theory contained in
this paper include: (1) the constraint that ~∇ · ~u⊥ +
2~u⊥ · ~κ = 0 to avoid changes in the magnetic-field
energy, (2) the definition of the effective magnetic
field, which simplifies the treatment of the c/ωpe
limit from electron inertia on field line distinguisha-
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bility, (3) a clarified treatment of the current density,
including a corrected expression for j||/B.
The objective in developing the theory of mag-
netic reconnection theory in parallel to the theory of
thermal transport is to help readers obtain an under-
standing of the importance and nature of Lagrangian
methods. Neither magnetic reconnection nor ther-
mal transport can be understood in the near-ideal
limit without the use of a Lagrangian analysis.
A Lagrangian analysis shows that traditional re-
connection theories contain four false presumptions.
1. Two-dimensional analyses do not provide a re-
liable guide for magnetic reconnection in three-
dimensional space.
2. Rapid changes in magnetic topology do not
require that the non-ideal part of the electric
field Eni equal
∣∣u⊥ × ~B∣∣.
Equality would require a current density j ∼
(B/µ0L)Rm. This false presumption is usually
stated as the reconnected magnetic flux must
equal
∫
~E · d~` with d~` the differential distance
along a field line. This presumption is correct
in the presence of a continuous spatial sym-
metry. Without a continuous symmetry, an
ideal evolution can distort the tubes of mag-
netic flux in a way that makes a change in the
topology of the flux tubes exponentially easier
[10, 11], Figure 1.
3. Plasma inertia does not determine the onset
rapid topological changes.
In three dimensions, without perfect symme-
tries, plasma inertia is irrelevant when the
ideal evolution velocity of the magnetic field
lines ~u⊥ is slow compared to the Alfve´n speed.
Once reconnection occurs, information about
the changed state of the magnetic field propa-
gates across the field as compressional Alfve´n
waves and along the field as shear Alfve´n waves
[12]. Although Alfve´n waves are consistent
with an ideal magnetic evolution, they can
drive enhanced distortions in the tubes of mag-
netic flux, which can produce additional recon-
nection. An ideal instability of the magnetic
field can also cause the evolution time to be-
come Alfve´nic.
Hall terms, which produce an electric field per-
pendicular to the magnetic field, can affect re-
connection when the evolution time is compa-
rable to inertial time scales, Alfve´nic or sonic,
but have no direct effect when the evolution
time is far slower.
4. The current density does not have an expo-
nential increase as the magnetic field evolves
towards a rapidly reconnecting state.
A Lagrangian analysis shows that current
sheets naturally form, but the current density,
unlike the non-ideal part of the magnetic field
does not have an exponential increase with
time.
Traditional analyses often start with a suffi-
ciently large current density in a sheet to pro-
duce rapid reconnection, j ∝ Rm, rather than
showing that such a current density naturally
arises in an evolution from an initial mag-
netic field with a current density j <∼ B/µ0L.
In a Lagrangian analysis, it will be shown
that fast magnetic reconnection occurs when
j ∼ (B/µ0L) ln(Rm).
Section II derives the theory of temperature equi-
libration in a form that clarifies the physics and the
mathematics of magnetic reconnection. Section III
applies the physics and mathematics developed in
Section II to magnetic reconnection. Section IV pro-
vides a summary and a context of this paper within
the history of magnetic reconnection theory.
II. THERMAL EQUILIBRATION
Magnetic reconnection has a simpler analogue in
the establishment of thermal equilibrium in a room.
Both require a time scale comparable to an evolu-
tion time scale τev, which is defined by the gradient
of a velocity, the velocity of the air ~v or the magnetic
field line velocity ~u. The thermal relaxation time or
the reconnection time, τr, is longer than the evolu-
tion time by approximately ln(τD/τr) where τD is
the time scale that would be required for a diffusive
relaxation, τD ≡ L2/D. L is a characteristic spatial
scale and D = DT , where DT is the thermal diffu-
sivity of air, or η/µ0 for the resistive relaxation of
a magnetic field. In air τD/τr ∼ 104 but can be far
larger in important cases of magnetic reconnection.
In thermal relaxation and magnetic reconnection,
the equation for the evolution of the energy density,
the thermal energy density u = 3nT/2 or the mag-
netic energy density B2/2µ0, constrains the form of
the flow, ~v or ~u⊥, and the required number of spa-
tial dimensions required for a relaxation on the order
τev, two for thermal relaxation and three for mag-
netic reconnection.
Proofs of enhancement require the use of La-
grangian coordinates of ~v or ~u⊥. In thermal-type
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problems, H. Aref [5] introduced Lagrangian coordi-
nates in 1984 and demonstrated the importance of
stirring; Tang and Boozer [6] gave a complete solu-
tion in Lagrangian coordinates in 1999. Boozer [8–
11] used Lagrangian coordinates to demonstrate the
enhancement of magnetic reconnection by the stir-
ring that arises in the ideal evolution of a magnetic
field in papers published in 2018 and 2019.
Heuristic arguments can and will be given for the
exponential enhancement of mixing by stirring for
two-dimensional thermal-equilibration problems.
A. Evolution for thermal energy
The constraint that ~∇ · ~v = 0, for a slow flow to
enhance thermal equilibration, arises from a thermo-
dynamic relation, which says the flux of the thermal
energy per unit volume u is (u+p)~v and not just u~v
as one would naively expect. A similar constraint
on the flow velocity of magnetic field lines follows
from the flux of magnetic energy, (B2/µ0)~u⊥, where
B2/µ0 is the sum of the magnetic energy density
and the magnetic pressure, both are B2/2µ0, Sec-
tion III A and Equation (48) in [13].
1. Thermodynamic equation
The standard thermodynamic relation dU =
TdS − pdV + µdN can be rewritten using energy,
entropy, and particle densities, U = uV , S = sV ,
and N = nV . Differentiation yields V (du − Tds +
µdn) = −(u − Ts + p − nµ)dV , which implies that
du = Tds + µdn and that the chemical potential
µ = (u− Ts+ p)/n when the thermodynamic prop-
erties have no explicit dependence on the overall vol-
ume V of the system. Consequently,
du =
u+ p
n
dn+ T (ds− s
n
dn) (2)
=
u+ p
ρ
dρ+ ρTdsp. (3)
where ρ = mpn is the mass density of particles with
a mass mp and s = spρ with sp the entropy per unit
mass—effectively the entropy per particle.
A corollary of Equation (3), called a Legendre
transformation, is
d
{(
u+ p
ρ
)
ρ
}
= ρd
(
u+ p
ρ
)
+
(
u+ p
ρ
)
dρ. (4)
Using Eq. (3),
d
(
u+ p
ρ
)
=
dp
ρ
+ Tdsp. (5)
In addition to the thermodynamic equations, mass
conservation implies
∂ρ
∂t
= −~∇ · (ρ~v). (6)
2. Ideal energy and temperature evolution
The ideal thermodynamic relations, Equations (3)
and (5), relate changes that can be spatial or tem-
poral. Equations (3) and (6) imply
∂u
∂t
=
u+ p
ρ
∂ρ
∂t
+ ρT
∂sp
∂t
, and (7)
∂u
∂t
+ ~∇ · {(u+ p)~v} = ρ~v · ~∇
(
u+ p
ρ
)
+ρT
∂sp
∂t
. (8)
Writing the d’s as gradients in the Legendre-
transformed Equation (5),
∂u
∂t
+ ~∇ · (u~v) = −p~∇ · ~v + ρT
(
dsp
dt
)
L
(9)
= −p~∇ · ~v, (10)
when (∂sp/∂t)L ≡ ∂sp/∂t + ~v · ~∇sp = 0 as is the
case in an ideal evolution. The Lagrangian deriva-
tive (∂sp/∂t)L is the rate of change in the frame of
the moving fluid. The evolution of the entropy can
also be written as
ρ
(
∂sp
∂t
+ ~v · ~∇sp
)
=
∂s
∂t
+ ~∇ · (s~v). (11)
Equation (10) implies that a large change in the
energy density occurs when ~∇ · ~v 6= 0. Mixing can
be enhanced by slow stirring only when ~∇·~v = 0. A
divergent velocity gives sound waves, Appendix A.
The curl of the velocity, the vorticity ~∇×~v, is driven
by a temperature gradient crossed with gravitational
acceleration ~g, Appendix A.
When ~∇ · ~v = 0, Equation (10) implies
∂u
∂t
+ ~v · ~∇u = 0 and (12)
∂T
∂t
+ ~v · ~∇T = 0. (13)
using u = (3/2)ρT/mp in a monatomic ideal gas,
where mp is the mass of each particle, and mass
conservation, Equation (6).
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The volume averaged of squared temperature vari-
ation cannot change in an ideal evolution with ~∇·~v =
0 for then Equation (13 ) implies
∂T 2
∂t
+ ~∇ · (T 2~v) = 0 (14)
d
dt
〈
T 2
〉
≡
∫
∂T 2
∂t d
3x∫
d3x
= 0 (15)
Similarly, dT¯ /dt = 0, where T¯ =
〈
T
〉
, so
〈
(T − T¯ )2〉
cannot change when the temperature has an ideal
evolution with ~∇ · ~v = 0.
3. Full ideal energy conservation
The ideal evolution of the thermal energy is not
commonly given in the form of Equation (10) but in
the full energy-conservation form, which is given to
avoid confusion.
The equation of motion of a gas subject to gravity,
~g = −~∇Φg, is
ρ
∂~v
∂t
+ ρ~v · ~∇~v = −~∇p− ρ~∇Φg. (16)
This equation, mass conservation, Equation (6), en-
ergy evolution, Equation (10), and vector identities
imply
∂
∂t
(
1
2
ρv2 + u+ ρΦg
)
+~∇ ·
{(
1
2
ρv2 + u+ p+ ρΦg
)
~v
}
= 0, (17)
which is the complete equation for ideal energy con-
servation in a gas.
Since the volume average 〈u〉 does not change in
an ideal evolution with ~∇ · ~v = 0, Equation (17)
implies that
〈
ρv2/2 + ρΦg
〉
cannot change either.
Since Φg = gy with y the vertical Cartesian coor-
dinate, the pressure changes little over the volume
the size of a room, and T = T0 + T˜ with T˜ << T0,
one finds δ
〈
v2/2
〉 ≈ (g/T0)δ 〈yT˜〉. When the ini-
tial T˜ = −(y/H)δT˜0, where H is the height of the
ceiling
〈
v2
〉 ≈ δT˜0
T0
gH, (18)
when the variation in T˜ with y is removed.
4. Diffusive energy relaxation
Equation (13 ) for the ideal evolution of the tem-
perature with a divergent free flow preserves in some
form the variations in the temperature. Stirring pro-
duces extreme spatial complexity in T − T¯ but can-
not reduce its RMS amplitude or the topology of hot
and cold regions. A related issue arises in magnetic
reconnection. Stirring due to the velocity ~u⊥ as-
sociated with an ideal magnetic evolution produces
extreme spatial complexity in flux tubes formed by
magnetic lines but cannot change which lines are in
a particular tube.
The RMS amplitude of T − T¯ , does relax in the
presence of diffusive energy transport, which modi-
fies Equation (12) to
∂u
∂t
+ ~∇ · (u~v + ~qd) = 0, where (19)
~qd = −3
2
DT ~∇T with (20)
DT ≈ 2.2× 10−5 m
2
s
for air. (21)
The relaxation of the RMS amplitude of T − T¯ re-
quires a time τr, which is the evolution time τev
multiplied by a term that depends on ln(1/DT ) as
DT → 0. The time scale for magnetic reconnection
is also the ideal evolution time multiplied by a term
with a logarithmic dependence on η/µ0.
The diffusive energy flux enters the thermody-
namic derivation through the entropy. Instead of
being constant, dsp/dt = 0, the entropy per particle
evolves as ∂sp/∂t+~v · ~∇sp = −(~∇·~qd)/(ρT ) as noted
by Landau and Lifshitz in Equation (49.4) of Fluid
Mechanics [7]. Using Equation (11) for the evolu-
tion of the entropy per unit volume s instead of the
entropy per particle,
∂s
∂t
+ ~∇ · (s~v) = −~qd
T
; (22)
dS
dt
= −
∫ ~∇ · ~qd
T
d3x (23)
= −
∫
~qd · ~∇T
T 2
d3x, (24)
where the total entropy S =
∫
sd3x.
5. Heuristic relaxation estimate
In a monatomic ideal gas, u = 3p/2 and p =
ρT/mp, Equation (19) implies implies the temper-
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ature relaxes as
∂T
∂t
+ ~v · ~∇T = −2
3
~∇ · ~qd, (25)
with ~∇ ·~v = 0. This is the advection-diffusion equa-
tion for the temperature.
If DT = 0, a contour of constant temperature
moves with the flow velocity ~v. To keep the ar-
gument simple, suppose z is a symmetry direction,
so the constant-T contours and the ~v are in the
x− y plane. Let ~xe be the location of an extremum
(maximum or minimum) of the temperature, then
a constant-T contour is a closed curve with points
located at ~x = ~xe + ~δ where ~xe. Consider a small ~δ,
then fixed temperature points move as
d~x
dt
= ~v(~x, t) (26)
' ~v(~xe, t) + (~δ · ~∇)~v (27)
d~δ
dt
' ~δ · ~∇~v, (28)
an equation that has solutions that exponentiate in
time. When the original contour is circular, the con-
tour distorts into an ellipse, Figure 1a; incompress-
ibility implies the area of the contour is fixed. One
of the two radii grows exponentially on the evolution
time scale,
τev ≡ 1∣∣∣~∇~v∣∣∣ , (29)
where
∣∣~∇~v∣∣ is the largest component in the 2 × 2
matrix ~∇~v. The other radius of the ellipse shrinks
with their product giving the square of the radius
of the original circle. Once the longer of the two
radii reaches the spatial scale of the velocity varia-
tion the shape of the constant-T contours become ex-
tremely complicated but the narrowest places on the
constant-T contours continue to decrease approxi-
mately exponentially Figure 1b. That is, approx-
imately as e−γevt/τev , where γev has a complicated
spatial and temporal dependence, but γev = 1/3 can
be representative. Diffusion causes the constant-T
contours to break on the characteristic time scale
τr = τDe
−2γevτr/τev , or (30)
=
τev
2γev
ln
(
τD
τr
)
, where (31)
τD =
L2
DT
(32)
≈ 1.1× 106 sec ≈ 13 days. (33)
and L ≈ 5 m is the greatest distance through which
the temperature must relax.
The expected RMS velocity from energy conser-
vation, Equation (18), gives an estimate of the evo-
lution time. When the ceiling height is 3 m and
δT˜0/T0 = 10
−2,
τev ≈ 2L√
δT˜0
T0
gH
≈ 18 s, so (34)
τr ≈ τev
2γev
ln
(
τD
τr
)
≈ 230 s (35)
when γev = 1/3. The finite-time Lyapunov exponent
of the flow is γev/τev.
B. Lagrangian coordinates
Lagrangian coordinates are the method of char-
acteristics when applied to differential operators of
the form ∂T/∂t + ~v · ~∇T . The standard problem is
finding the evolution of ~∇T in the presence of both
advection ~v · ~∇T and diffusion ~∇ · (DT ~∇T ).
Lagrangian coordinates are more important for
ascertaining the properties of solutions to the
advection-diffusion equation, Eq. (25), for a non-
zero DT as DT → 0, than in obtaining explicit so-
lutions. Information on low diffusivity limit is par-
ticularly important for magnetic reconnection in the
solar corona, where the ratio of the advective to the
resistive terms, the magnetic Reynolds number Rm,
can reach 1014. Direct numerical simulations be-
come impractical in the low diffusivity limit, and
Lagrangian coordinates are the only practical theo-
retical method of determining the properties of so-
lutions.
1. Definition of Lagrangian coordinates
Let ~x0(x0, y0, z0) give positions in space as func-
tions of x0, y0, z0 at t = 0. For example, Carte-
sian coordinates can be used to define positions,
~x0 = x0xˆ+y0yˆ+z0zˆ, but the set of three coordinates
is essentially arbitrary. The coordinates x0, y0, z0
become Lagrangian coordinates when positions in
space are defined by ~x(x0, y0, z0, t), which can be
more compactly written as ~x(~x0, t), with(
∂~x
∂t
)
L
≡ ∂~x(~x0, t)
∂t
(36)
= ~v(~x, t). (37)
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Positions in space at any fixed point in time can
be described by three coordinates x, y, z, and Equa-
tion (37) determines the functions x(x0, y0, z0, t),
y(x0, y0, z0, t), and z(x0, y0, z0, t), which give the lo-
cation of a point at time t that was at (x0, y0, z0) at
t = 0. (
∂T
∂t
)
L
=
(
∂T
∂t
)
~x
+
∂T
∂~x
·
(
∂~x
∂t
)
L
=
(
∂T
∂t
)
~x
+ ~v · ~∇T. (38)
2. Evolution of the gradient of a function
When a function T (~x, t) is carried by a flow, as is
the temperature when ∂T/∂t+ ~v · ~∇T = 0, then an
important question is how does ~∇T evolve given the
initial gradient in the function, ~∇0T ;
~∇0T = ∂T
∂~x0
(39)
=
∂T
∂~x
· ∂~x
∂~x0
(40)
= ~∇T · J↔; (41)
J
↔ ≡ ∂~x
∂~x0
(42)
=

∂x
∂x0
∂x
∂y0
∂x
∂z0
∂y
∂x0
∂y
∂y0
∂y
∂z0
∂z
∂x0
∂z
∂y0
∂z
∂z0
 . (43)
These algebraic manipulations may be more ob-
vious using coordinate components with the three
Lagrangian coordinates numbered by Greek super-
scripts xα0 and the three ordinary spatial coordinates
numbered by Latin superscripts xi, then
∂T
∂xα0
=
∑
i
∂T
∂xi
∂xi
∂xα0
; (44)
J iα ≡
∂xi
∂xα0
. (45)
The Jacobian matrix J
↔
can be written in the
Singular-Value-Decomposition form,
J
↔
= U
↔ ·
 Λu 0 00 Λm 0
0 0 Λs
 · u↔†
= UˆΛuuˆ
† + MˆΛmmˆ† + SˆΛssˆ†; (46)
Uˆ = Mˆ × Sˆ and uˆ = mˆ× sˆ. (47)
Both U
↔
and u↔ are unitary matrices, U
↔ · U↔† = 1↔.
The three columns of U
↔
, which are Uˆ , Mˆ , and Sˆ,
are orthonormal unit matrix vectors Uˆ · Uˆ† = 1 and
Uˆ · Mˆ† = 0. Analogous relations exists between the
three columns of u↔, which are uˆ, mˆ, and sˆ. The
adjoint of a matrix column vector is a matrix row
vector with the same three entrees.
The relation ~∇0T = ~∇T ·J
↔
is equivalent to ~∇0T =
J
↔† · ~∇T . Multiplying this relation by the left-inverse
of J
↔† gives
~∇T =
(
J
↔−1
)†
· ~∇0T
=
uˆ† · ~∇0T
Λu
Uˆ +
mˆ† · ~∇0T
Λm
Mˆ +
sˆ† · ~∇0T
Λs
Sˆ;
(48)
(
J
↔−1
)†
=
Uˆ uˆ†
Λu
+
Mˆmˆ†
Λm
+
Sˆsˆ†
Λs
. (49)
3. The Lagrangian Jacobian and the singular-value
magnitudes
The theorem that the determinant of a product of
matrices is the product of the determinants implies
that the Jacobian of Lagrangian coordinates, which
is the determinant of J
↔
, is
JL = ΛuΛmΛs. (50)
The time derivative of the Jacobian can
be determined by writing mass conservation in
the form (∂ρ/∂t)L = −ρ~∇ · ~v and using(
∂(
∫
ρJLd3x0)/∂t
)
L
= 0 for an arbitrary density ρ
that is non-zero only in a finite spatial region. The
implication is that(
∂JL
∂t
)
L
= JL~∇ · ~v. (51)
When ~∇ · ~v 6= 0, Equation (10) for the energy evo-
lution can be written for a monatomic ideal gas as(
∂J 2/3L T
∂t
)
L
=
J 2/3L T
mp
(
∂sp
∂t
)
L
, (52)
but no use of this equation will be made in this pa-
per.
In almost all natural flows, the largest singular
value Λu increases exponentially in time, the small-
est Λs decreases exponentially, and the middle sin-
gular value Λm is slowly varying. See Figure 1b for
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an illustration of how contours shrink in one direc-
tion and stretch in another. Table I in Reference
[11] gives the singular values for a map that is lim-
ited in both the spatial and the angular distances
that trajectories can cover, which makes the map
particularly interesting for the representation of the
velocity of the flowing perfect conductor of Figure
1c when modeling the solar corona.
4. Temperature equilibration in Lagrangian coordinates
The advective-diffusion equation, Equation (25)
with 2~qd/3 = −~∇ · (Dt~∇T ), can be solved in La-
grangian coordinates [6]. The left hand side is just
(∂T/∂t)L. The right hand side can be written using
the theory of general coordinates, Appendix [13], as
~∇ · ~qd = 1JL
∑
α
∂
∂xα0
(
JL~∇xα0 · ~qd
)
. (53)
~∇xα0 ·
2
3
~qd = −DT ~∇xα0 · ~∇T (54)
= −DT
∑
β
~∇xα0 · ~∇xβ0
∂T
∂xβ0
. (55)
Equation (48) for ~∇xβ0 and its adjoint for ~∇xα0 imply
the inverse metric tensor
gαβ ≡ ~∇xα0 · ~∇xβ0 (56)
= (~∇0xα0 )† ·
(
J
↔−1
)
·
(
J
↔−1
)†
· ~∇0xβ0 (57)
=
(uˆ† · ~∇0xα0 )(uˆ† · ~∇0xβ0 )
Λ2u
+
(mˆ† · ~∇0xα0 )(mˆ† · ~∇0xβ0 )
Λ2m
+
(sˆ† · ~∇0xα0 )(sˆ† · ~∇0xβ0 )
Λ2s
(58)
→ (sˆ
† · ~∇0xα0 )(sˆ† · ~∇0xβ0 )
Λ2s
, (59)
when Λu >> Λm >> Λs. In this limit∫ (∂T 2
∂t
)
L
JLd3x0 =
= −
∫
2
ΛuΛm
Λs
DT (sˆ
† · ~∇0T )2d3x0. (60)
The rate of temperature relaxation is enhanced by
the factor ΛuΛm/Λs ≈ e2γevt/τev .
III. MAGNETIC RECONNECTION
The magnetic Reynolds number, Rm is the ra-
tio of the advective to the diffusive effects in the
evolution of a magnetic field. Values of Rm are ex-
tremely large in problems of practical interest. In
their 2016 review of magnetic reconnection Zweibel
and Yamada [14] stated that “In moderately large
laboratory plasmas Rm is typically of order 10
4−108,
in the Sun Rm ∼ 108 − 1014, while in the interstel-
lar medium of galaxies Rm ∼ 1015−1021.” Although
the non-ideal effects, 1/Rm are extremely small, the
non-ideal effects fundamentally change the nature
of the solution—only with their retention can the
magnetic field lines change their connections. What
appears truly remarkable is that a term as small
as 1/Rm can cause reconnection on a time scale
τr that differs by approximately one order of mag-
nitude from the advective, or ideal-evolution, time
scale τev. Lagrangian coordinates allow one to show
that τr/τev ∼ ln(Rm); even when ln(1021) ≈ 48.3.
That magnetic reconnection will occur on this time
scale has the same certainty as that a radiator can
warm a room in of order ten minutes rather than in
a couple of weeks.
When a magnetic field evolves from a state in
which reconnection is negligible on the time scale
of the evolution, two distinct time scales are impor-
tant. A time τr is required before the rate of re-
connection competes with the rate of evolution. For
shorter times, the magnetic evolution is essentially
ideal with the magnetic field lines having trajectories
of increasing spatial complexity.
Once reconnection competes with evolution, the
severing and reconnection of magnetic field lines pro-
duces forces, which relax on an Alfve´nic time scale,
τA = L/VA. For example when magnetic field lines
carrying distinct parallel currents connect, a large
gradient in j||/B arises, which gives a large Lorentz
force, ~fL ≡ ~j × ~B;
~B · ~∇
(
j||
B
)
= ~B · ~∇×
(
~fL
B2
)
(61)
follows from ~∇ · ~j = 0. Alfve´n waves propagating
across the magnetic field lines produce an ideal evo-
lution of the magnetic lines, which in general in-
creases the exponential separation of magnetic field
lines that come in close proximity to each other,
which produces additional reconnection. When ei-
ther reconnection occurs on a significant scale or the
magnetic field undergoes an ideal instability, large
scale reconnection can follow on an Alfve´nic time
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scale.
A. Ideal magnetic energy evolution
As in the case of an ideal gas, the energy equation
for a magnetic field places a constraint on the flow
velocity to avoid strong forces. The derivation of
the ideal energy evolution equation is simplified by
starting with the magnetic Poynting’s theorem in
which ~∇× ~B = µ0~j,
∂
∂t
(
B2
2µ0
)
+ ~∇ ·
(
~E × ~B
µ0
)
= −~j · ~E. (62)
In an ideal evolution, ~E + ~u⊥ × ~B = −~∇Φ. The
potential Φ cancels between the two sides of Equa-
tion (62), and the derivation is simplified by letting
~E+~u⊥× ~B = 0; then ~E× ~B = −(~u⊥× ~B)× ~B = B2~u⊥
and
~j · ~E = ~u⊥ · (~j × ~B) (63)
= ~u⊥ · ~fL, where (64)
~fL = ~j × ~B (65)
is the Lorentz force, the force per unit volume a mag-
netic field exerts on any material carrying a current
of density ~j.
The evolution of the magnetic energy density can
be placed in a form analogous to Equation (10) for
the thermal energy density; the energy conserving
terms on the left-hand side of the equation and the
non-energy conserving terms on the right-hand side:
∂
∂t
(
B2
2µ0
)
+ ~∇ ·
(
B2
µ0
~u⊥
)
= −~u⊥ · ~fL (66)
∂
∂t
(
B2
2µ0
)
+ ~∇ ·
(
B2
2µ0
~u⊥
)
=
−
{
~∇ ·
(
B2
2µ0
~u⊥
)
+ ~u⊥ · ~fL
}
. (67)
Equation (66) has the same property as equation
for the evolution of the energy density for a gas,
Equation (17); the energy flux is the energy density
plus the pressure times the velocity and not just the
energy density times the velocity.
The power per unit volume associated with the
Lorentz force, ~u⊥ · ~fL does not explicily enter the
equation for magnetic energy conservation. Using a
vector identity and then Ampere’s law, ~∇× ~B = µ0~j,
~∇B2 = −2(~∇× ~B)× ~B + 2 ~B · ~∇ ~B, so (68)
~∇
(
B2
2µ0
)
=
(
B2
2µ0
)
bˆ+ 2
(
B2
2µ0
)
~κ− ~fL; (69)
~∇
(
B2
2µ0
~u⊥
)
=
(
B2
2µ0
)(
~∇ · ~u⊥ + 2~u⊥ · ~κ
)
−~u⊥ · ~fL. (70)
The curvature of the magnetic field lines is ~κ = bˆ· ~∇bˆ
where bˆ ≡ ~B/B is the unit vector along ~B. The
evolution of the magnetic energy is then
∂
∂t
(
B2
2µ0
)
+ ~∇ ·
(
B2
2µ0
~u⊥
)
= −
(
B2
2µ0
)(
~∇ · ~u⊥ + 2~u⊥ · ~κ
)
. (71)
Equation (71) has the same form as Equation (10)
for the thermal energy density but with ~∇·~v replaced
by ~∇ · ~u⊥ + 2~u⊥ · ~κ.
In the thermal or in the magnetic case, a violation
of the constraint ~∇ · ~v = 0 or ~∇ · ~u⊥ + 2~u⊥ · ~κ = 0
implies the presence of a force that transfers ei-
ther thermal or magnetic energy. Stated the other
way, a thermal system can be modified with no en-
ergy transfer by a velocity that is arbitrary other
than ~∇ · ~v = 0 and the magnetic field lines can
be modified with no energy transfer by moving the
lines with a velocity ~u⊥ that is arbitrary other than
~∇ · ~u⊥ + 2~u⊥ ·~κ = 0. Both constraints are naturally
obeyed for systems evolving slowly compared to the
transit time, for sound waves for the thermal system
or Alfve´n waves for the magnetic system.
The important question for the thermal system is
whether temperature gradients can be relaxed expo-
nentially faster by increasing the temperature gra-
dient by a flow satisfying ~∇ · ~v = 0. The answer
is positive in systems with at least two spatial di-
mensions as discussed in Section II, but negative in
systems with only one spatial dimension, for then
~∇ · ~v = 0 implies a constant speed.
The important question for magnetic reconnection
is whether the speed at which magnetic field lines
change their topology can be exponentially enhanced
by the distortions of tubes of magnetic flux by a
magnetic field line flow satisfying ~∇·~u⊥+2~u⊥ ·~κ = 0.
The answer is positive in systems with at least three
spatial dimensions: one must be along the magnetic
field and two must be perpendicular to satisfy the
constraint on ~u⊥.
There is an important difference between the ther-
mal and the magnetic system. An ideal thermal evo-
lution with a chaotic flow causes the magnitude of
the temperature gradient to increase exponentially
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in time. But, an ideal magnetic evolution with a
chaotic flow of the magnetic field lines does not
cause the parallel current j|| to increase exponen-
tially, Equation (97). It is the distortion of the tubes
of magnetic flux that causes an exponential enhance-
ment in the rate of reconnection not an exponential
enhancement in E|| = ηj||. Although magnetic re-
connection can release a significant fraction of the
energy in the large-scale magnetic field into Alfve´n
waves, an exponentially small fraction of the energy
is directly dissipated.
Note that when ~∇·~u⊥+2~u⊥ ·~κ = 0, Equation (71)
for the ideal magnetic-energy evolution and Equa-
tion (51), which says (∂JL/∂t)L = JL~∇ · ~u⊥, imply(
∂(JLB2)
∂t
)
L
= 0 and (72)(
∂ ln(JL)
∂t
)
L
= −2~u⊥ · κ. (73)
B. Ideal ~B evolution in Lagrangian
coordinates
A vector identity implies the ideal evolution equa-
tion for ~B can be written
∂ ~B
∂t
= − ~B~∇ · ~u− ~u · ~∇ ~B + ~B~∇~u, so (74)(∂JL ~B
∂t
)
L
= JL ~B · ~∇~u, (75)
using the definition of a Lagrangian derivative and
Equation (51) for (∂JL/∂t)L.
~u =
(∂~x
∂t
)
L
so (76)
∂~u
∂~x0
=
(∂J↔
∂t
)
L
(77)
~B · ~∇~u =
(∂J↔
∂t
)
L
· J↔−1 · ~B, so (78)
~B(~x, t) =
J
↔
J ·
~B0. (79)
~B0 is the magnetic field at t = 0. The derivation and
the history of this form for the field was reviewed in
1966 by Stern [15] and mentioned in [14].
The ideal magnetic evolution in Lagrangian coor-
dinates, Equation (79), is valid even when the con-
straint ~∇ · ~u⊥ + 2~u⊥ · ~κ is non-zero. This is unlike
the analogous result for an ideal thermal evolution,
which requires ~∇ · ~v = 0.
Equation (79) implies that
B2 =
(
uˆ† · ~B0
ΛmΛs
)2
+
(
mˆ† · ~B0
ΛuΛs
)2
+
(
sˆ† · ~B0
ΛuΛm
)2
.(80)
The term in B2 proportional to (uˆ† · ~B0)2 goes to in-
finity exponentially in time. The term proportional
to (sˆ† · ~B0)2 goes to zero exponentially. A bounded
magnetic field strength is only possible for a time
long compared to τev when the effective magnetic
field points in the Mˆ direction,
~B(~x, t)→ mˆ
† · ~B0
ΛuΛs
Mˆ. (81)
The unit vector Mˆ is also the unit vector along the
magnetic field bˆ.
C. Clebsch potentials and the evolution of ~B
In 1958 Newcomb [2] studied the behavior of mag-
netic field lines given by Equation (1) of an ideal
evolution. He showed that the magnetic field lines
move with a velocity ~u and cannot break. His re-
sults can be generalized to study the behavior of the
magnetic field lines in an arbitrary evolution.
A divergence-free field, such as the magnetic field,
can be written in the Clebsch potentials α(~x, t) and
β,
~B = ~∇α× ~∇β. (82)
The history of this form was reviewed by Stern [16],
who calls α and β Euler potentials, but the name
Clebsch potentials is more common among plasma
physicists. The time derivative of ~B is given by
∂ ~B
∂t
= ~∇×
(
~u× ~B + ∂g
∂`
~∇`
)
; (83)
∂α
∂t
+ ~u · ~∇α = ∂g
∂β
; (84)
∂β
∂t
+ ~u · ~∇β = − ∂g
∂α
. (85)
The function g in principle depends on (α, β, `, t),
but the evolution is ideal only when ∂g/∂` = 0. A
g that has no ` dependence is designated as ideal,
gI(α, β, t).
The arbitrary function gI(α, β, t) is equivalent to
an arbitrary velocity ~ua that can be added to ~u⊥ in
an ideal evolution,
~ua ≡
~B × ~∇gI(α, β, t)
B2
. (86)
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Then, ~ua · ~∇α = −∂gI/∂β, ~ua · ~∇β = ∂gI/∂α, and
~∇ · (B2~ua/µ0) = −~ua · ~fL.
D. The current density in an ideal evolution
Both analytic and numerical models of recon-
nection commonly assume the initial state of the
field contains a current sheet with a current density
j ∝ Rm, which gives rapid reconnection, but how
a magnetic field could evolve into such an extreme
state is not explained.
Magnetic reconnection is so prevalent that even
an initially curl-free field, ~B0 = ~∇0φ0, must be
able to reach a state through an ideal evolution in
which reconnection competes with the ideal evolu-
tion. As will be shown, this naturally occurs as
Λu ∝ eγevt/τev →∞.
A magnetic field that has undergone an ideal evo-
lution from an initially curl-free state obeys
~B =
Λuuˆ
† · ~∇0φ0
JL Uˆ+
Λmmˆ
† · ~∇0φ0
JL Mˆ+
Λssˆ
† · ~∇0φ0
JL Sˆ.
(87)
The finiteness ~B as Λu → ∞ implies uˆ† · ~∇0φ = 0
and that ~B = BMˆ , so as Λu →∞ and Λs → 0,
~B = BMˆ +
Λssˆ
† · ~∇0φ0
JL Sˆ; (88)
B =
Λmmˆ
† · ~∇0φ0
JL . (89)
The potential φ can be defined for non-zero time
by (∂φ/∂t)L = 0, then Equation (48) for gradients
and Equation (89) imply
~∇φ = mˆ
† · ~∇0φ0
Λm
Mˆ +
sˆ† · ~∇0φ0
Λs
Sˆ (90)
=
JLB
Λ2m
Mˆ +
sˆ† · ~∇0φ0
Λs
Sˆ. (91)
The freedom within an ideal evolution, Equation
(86), can be used to ensure the Clebsch coordinate
β satisfies uˆ† · ~∇0β0 = 0. Since ~B · ~∇β = 0, which
implies Mˆ · ~∇β = 0, Equation (48) for gradients of
functions carried by the flow implies that as Λu →∞
the gradient of β is
~∇β = sˆ
† · ~∇0β0
Λs
Sˆ. (92)
Equations (91) and (92) imply that the magnetic
field, ~B = BMˆ , has the covariant form
~B =
Λ2m
JL
(
~∇φ− sˆ
† · ~∇0φ0
sˆ† · ~∇0β0
~∇β
)
(93)
= Bφ~∇φ+Bβ ~∇β; (94)
~B · ~∇× ~B = B2φ
∂(Bβ/Bφ)
∂α
(~∇α× ~∇β) · ~∇φ. (95)
The triple product (~∇α × ~∇β) · ~∇φ = BMˆ · ~∇φ =
B2/Bφ, which implies
K ≡ µ0j||
B
=
~B · ~∇× ~B
B2
(96)
= Bφ
∂(Bβ/Bφ)
∂α
= −Λ
2
m
JL
∂
∂α
(
sˆ† · ~∇0φ
sˆ† · ~∇0β
)
. (97)
The absence of a strong Lorentz force requires
∂K/∂φ = 0. Equation (97) for K is corrected from
the expression given in [9].
Equation (97) does not require an exponential
growth in the force-free or parallel current density.
Equation (48) for gradients implies
~∇K = uˆ
† · ~∇0K
Λu
Uˆ +
mˆ† · ~∇0K
Λm
Mˆ +
sˆ† · ~∇0K
Λs
Sˆ.
(98)
The parallel current distribution K lies in sheets
that are very extended in the direction Uˆ in which
streamlines of ~u⊥ exponentially separate from each
other and very narrow in the direction Uˆ in which
streamlines of ~u⊥ exponentially approach each other.
~∇α = Uˆ
ΛuBβ
+
sˆ† · ~∇0α
Λs
Sˆ, (99)
~∇K = ∂K
∂α
Uˆ
ΛuBβ
+
sˆ† · ~∇0K
Λs
Sˆ. (100)
A covariant representation of ~B in α, β, φ coordi-
nates can be obtained from a relation in the theory
of general coordinates,(
∂~x
∂φ
)
αβ
=
~∇α× ~∇β
(~∇α× ~∇β) · ~∇φ (101)
=
Bφ
B2
~B, so (102)
~B =
JL
Λ2m
B2
∂~x
∂φ
. (103)
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E. Required current density for reconnection
Contrary to the conventional view, the current
density need not be large to obtain the non-ideal
electric field Eni required for a rapid reconnection.
The current-density requirement comes not from the
magnitude of Eni but from the requirement for suf-
ficient distortion in the magnetic flux tubes. As dis-
cussed in [11], the current density need not be large
to cause magnetic field lines to exponentiate apart;
it needs to increase only linearly in the number of
exponentiations [17].
An argument similar to the one that led to Equa-
tion (28) implies the separation ~δ between magnetic
field lines changes as d~δ/d` = ~δ · ~∇bˆ. A parallel cur-
rent produces a
∣∣∣~∇bˆ∣∣∣ ≈ µ0j||/B. The distance re-
quired for an e-fold in separation is only a few times
longer than 1/K, where K ≡ µ0j||/B. To have Rm
e-folds within a distance L along the field lines re-
quires KL > ln(Rm), but only a few times greater.
This is in contrast to the current density required in
the traditional assumption that Eni must compete
with
∣∣∣~u × ~B∣∣∣, which implies KL ≈ Rm in places
where reconnection is occurring.
F. Non-ideal magnetic-field evolution
Two types of effects limit the ideal evolution and
produce magnetic reconnection. The most universal
effect is electron inertia, which makes magnetic field
lines that approach each other closer than c/ωpe any-
where on their trajectories indistinguishable in an
evolution, Appendix C of [11]. The distance c/ωpe
acts in a way that is analogous to the mesh size limit-
ing the resolution in a numerical calculation. Indeed,
the finite size of the mesh in a numerical simula-
tion produces reconnection even when explicit non-
ideal effects are ignored [18]. The second and more
commonly discussed effect is the plasma resistivity,
which causes a diffusion of the magnetic file lines
with a diffusion coefficient η/µ0. Both effects are
small. In the solar corona a typical electron density
is 1014/m3, for which c/ωpe ≈ 0.5 m, while typical
distance scales are of order 108 m. Resistive effects
measured by 1/Rm are even smaller in the corona.
The natural mathematical description of two non-
ideal effects is distinct and can be addressed by defin-
ing the effective magnetic field ~B, which evolves as
if c/ωpe were zero, from which the actual magnetic
field ~B can be obtained.
1. Representation of generalized Ohm’s law
Any generalization of Ohm’s law that does not
contain integrals over space or time can be written
in a plasma moving with a velocity ~v as
~E + ~v × ~B =
(
c
ωpe
)2
µ0
∂~j
∂t
+ ~R. (104)
The ∂~j/∂t term is due to the inertia of the light-
est current-carrying particle, which is the electron;
ωpe ≡
√
ne2/0me, where n is the number density
of electrons of mass me.
The magnetic evolution ∂ ~B/∂t = −~∇× ~E is sim-
plified by defining an effective magnetic field
~B ≡ ~B + ~∇×
((
c
ωpe
)2
~∇× ~B
)
(105)
using ~∇ × ~B = µ0~j. Using the effective magnetic
field ~B, Equation (104) can be rewritten as
~E + ~u× ~B =
(
c
ωpe
)2
µ0
∂~j
∂t
− ~∇Φ + Eni~∇`.(106)
The ~B× components of Equation (104) are balanced
by ~u× ~B, which defines the velocity ~u. The ~B· com-
ponent can be partially balanced by ~B · ~∇Φ, but Φ
must be a well-behaved, single-valued potential. The
non-ideal electric field Eni~∇`, where ` is the distance
along an effective magnetic field line, is introduced
to make this possible.
Eni is constant along the effective magnetic field
lines and is chosen to obtain the correct conditions
at boundaries and null points [11] or for the loop
voltage in a torus;
Eni ≡
∫
~E · ~BBd`∫
d`
. (107)
Both integrals are calculated using the same lim-
its of integration. The integration limits can be (1)
`→ ±∞ as on the irrational magnetic surfaces of a
toroidal plasma, (2) a wall on which Φ has a speci-
fied value, such as Φ = 0 on a perfectly conducting
grounded wall, or (3) the potential Φ0 on the in-
finitesimal sphere surrounding a null. That potential
is determined by the condition that no net current
enter or leave the null.
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2. Evolution of the non-ideal magnetic field
The evolution equation for the effective magnetic
field is
∂ ~B
∂t
= ~∇
(
~u× ~B − Eni~∇`
)
. (108)
When ~B(~x, t) is known, Equation (105) can be solved
for the true magnetic field ~B(~x, t). As shown in Ap-
pendix C of [11], the ~B is ~B dispersed by a distance
c/ωpe across the lines.
While effects due to Eni are small, the effective
magnetic field can be taken to be an ideally evolving
field plus a non-ideal field, ~B = ~BI + ~Bni. Retaining
only the first order deviation from an ideal evolution,
~BI = ~∇αI × ~∇βI ; (109)
α = αI − ∂(Ani`)
∂βI
; (110)
β = βI +
∂(Ani`)
∂αI
; (111)
Ani ≡ −
∫ t
0
Enidt; (112)
~Bni = ~∇Ani × ~∇`. (113)
Ani(αI , βI , t)~∇` is the non-ideal part of the vector
potential.
Equation (48) for the gradient of a function has
the asymptotic form ~∇f →
(
sˆ · ~∇0f/Λs
)
Sˆ, and be-
comes exponentially large in the direction in which
streamlines of ~u⊥ approach each other; Λs goes to
zero exponentially. Consequently ~∇Ani → Sˆ(sˆ† ·
~∇0Ani)/Λs. The magnetic field lines become ori-
ented in the Mˆ direction, and ~B · ~∇` = B implies
~∇` equals Mˆ plus terms other terms; the term in the
Sˆ direction can be large. Equation (113) then shows
that the non-ideal part of the magnetic field grows
exponentially in time [9],
~Bni → Sˆ × Mˆ
Λs
sˆ† · ~∇0Ani(αI , βI , t)
= − Uˆ
Λs
sˆ† · ~∇0Ani(αI , βI , t) (114)
as Λs approaches zero exponentially. On a time
scale, ∼ τev lnRm the effective magnetic field will
enter a state of fast magnetic reconnection.
IV. DISCUSSION
The enhancement of mixing by stirring is such a
part of everyday life that its physical reality cannot
be denied. Stirring produces a topology-conserving
motion of fluid elements that have certain composi-
tion or temperature. Mixing implies destroying that
topology.
Remarkably, a mathematical explanation for the
enhancement of mixing by stirring did not exist un-
til Aref’s development [5] of Lagrangian methods in
1984 for studying the advective or stirring part of the
advection-diffusion equation. The complete solution
of the advection-diffusion equation in Lagrangian co-
ordinates was not given until fifteen years later by
Tang and Boozer [6].
In advection-diffusion problems with very weak
diffusion, the time for mixing is significantly longer
than the evolution time defined by the stirring. Nev-
ertheless, the mixing time is only an order of mag-
nitude longer even when the processes that allow
mixing are many orders of magnitude smaller than
the stirring. This is true independent of the initial
state or how the system is stirred, with a few ex-
ceptions. These exceptions are stirring motions that
obey symmetries, but even these exceptional stir-
ring motions must be performed with extreme care
to avoid mixing.
The evolution of magnetic fields in highly conduct-
ing plasmas have obvious resemblances to the prob-
lem of stirring. Independent of the initial state, the
magnetic field lines move with a topology conserv-
ing velocity for an evolution time defined by that
velocity. On a time scale approximately an order of
magnitude longer than the stirring time the topology
of the magnetic field lines is destroyed. This is true
even when characteristic amplitude of the topology-
destroying terms is ten orders of magnitude smaller
than the advective terms. The same Lagrangian
methods used to explain fluid mixing also explain
magnetic reconnection with the same degree of cer-
tainty.
The representation of the ideal evolution of mag-
netic fields in Lagrangian coordinates has long been
known—the history of that representation was re-
viewed eighteen years before Aref’s paper, in 1966
by David Stern [15], who ascribed the representation
to an 1816 paper by A.-L. Cauchy on vorticity evo-
lution. Nevertheless, the paradigms that have been
developed during more than sixty years of intense
study of magnetic reconnection are so disconnected
from the explanations that follow naturally using La-
grangian methods that the Lagrangian results have
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been largely ignored rather than used for analyses.
This disconnection is probably due to a pervasive
assumption that reconnection can be understood in
two dimensions even though the problems of interest
are in three dimensional space. For ordinary fluids,
stirring leads to mixing to two dimensions but this
is not true for magnetic fields.
James Dungey had insights that were close to re-
sults discussed in this paper. According to the 2016
tribute in Eos [19], Dungey was struck by the impor-
tance of the “pattern milk made as it was stirred into
the coffee” while sitting in a Parisian cafe´, which led
to his 1961 paper [20] that laid the foundations of
the magnetospheric models. Much earlier, in 1953,
Dungey developed [21] the theory of both the ideal
motion, ~u, and the breaking of magnetic field lines
due to a loop voltage V =
∮
~E · d~` with d~` along
~B. Remarkably his focus was on toroidal magnetic
surfaces. Dungey noted the Hall effect was perpen-
dicular to ~B, so it has no direct effect on magnetic
field line breaking, and that resistive breaking was
very slow in astrophysical systems but that the speed
could be increased by turbulence.
The basic problem with the resistive time scale
was recognized but not explicitly given by Dungey.
When a region with a continuous symmetry that has
a length L and a width a << L changes the magnetic
flux ψrec = BrecLa by a reconnection process, then
rate of flux change is
∮
~E ·d~x ≈ ηjL. The time scale
for the flux change τψ ≈ Breca/ηj, but this must
compete with the evolution time τev = a/u to be of
significance. When the current flows in a channel
of width δ, the current density j ≈ B/µ0δ. The
requirement that τψ be less than or equal to τev, is
that δ <∼ a/Rm.
A common picture for obtaining an intense cur-
rent density is to assume the magnetic field lies in
quasi-discrete bundles, which can be called a flux
ropes, with an intense magnetic field inside the rope
and a negligible field outside. In astrophysics these
bundles are often called flux tubes. Indeed they are
tubes of flux, but there should be no implication
that the field is unusually strong in the interior of a
magnetic flux tube.
When two flux ropes collide, an intense current
appears at the point of collision and this was shown
by Sweet and Parker [22, 23] to lead to a current
density enhanced by a factor of
√
Rm, but this en-
hancement is too small to compete with evolution.
Most of the reconnection literature since that time
has been an effort to identify a mechanism for ob-
taining a sufficiently intense current density as dis-
cussed in reviews [14, 24].
FIG. 2: In plasmoid models, oppositely directed fields in
the Bx direction are pushed together forming a narrow
current sheet. Tearing instability of the sheet current
creates the plasmoids, which are expelled at the Alfve´n
speed from two ends of the current sheet. The maximum
current density in the reconnection or plasmoid region is
proportional to Rm. This figure is from Reference [26].
Remarkably little has been written about recon-
nection needing to complete with evolution to be an
important process. More emphasis has been given
to the speed of observed reconnection phenomena,
which Parker noted in 1973 were “universally of the
general order of magnitude of 0.1 VA,” [25] where
VA is the Alfve´n speed. The observed Alfve´nic rate
has little implication on the intrinsic cause for re-
connection. When magnetic field lines break more
rapidly than an externally driven evolution, quasi-
static force balance is generally lost; inertial forces
provide force balance, which implies an internal evo-
lution rate determined by the speed of Alfve´n waves.
The traditional interpretation of the difficulty of
achieving the observed speed of reconnection [14, 24]
is that plasma must be rapidly removed from the
reconnection region to allow the current density
j ∝ Rm that is needed in two dimensional mod-
els. The method that dominates the modern litera-
ture is Alfve´nic expulsion of plasmoids along the thin
channel in which reconnection takes place, Figure 2,
which is from [26]. The rapid removal of plasma is
not an issue in a fully three-dimensional reconnec-
tion but is in two.
In 1994 Longcope and Strauss [4] studied the ef-
fect of an imposed magnetic field line flow on the for-
mation of strong current in a two-dimensional, time
dependent model. Although two spatial dimensions
is sufficient for the exponentially enhanced mixing
of fluids, it is not adequate for the enhancement of
magnetic reconnection. The reason is clear using
Equation (71), for the evolution of the energy den-
sity in the magnetic field during an ideal evolution.
The magnetic energy density increases exponentially
in time at a rate νB = ~∇·~u⊥+2~u⊥·~κ, where ~κ ≡ bˆ·~∇bˆ
is the curvature of the field lines and ~u⊥ is the ve-
locity of the magnetic field lines. To adequately dis-
tort the magnetic flux tubes for the rate of resistive
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reconnection to compete with evolution requires of
order ln(Rm) e-folds. This number of e-folds in the
distortion is clearly energetically impossible unless
νB vanishes. In three dimensions, the force exerted
by the magnetic field, ~fL, naturally ensures that the
constraint νB = 0 will be imposed.
Three dimensionality is required to obtain the
exponential enhancement of the reconnection rate
by a chaotic but ideal flow of the magnetic field
lines. Nevertheless, theories that retain all three
spatial coordinates may not consider the effect of
exponentiation [27] and instead use the presumption
dψrec/dt ≈ ηjL. An extremely large current density
≈ RmBrec/µ0a is then required for reconnection to
compete with evolution. These theories omit the ex-
treme distortions in magnetic flux tubes, which are
analogous to the “pattern milk made as it was stirred
into the coffee” that was observed by Dungey.
The presumption that a near singular current den-
sity is required for reconnection to compete with
evolution has placed a strong emphasis in three-
dimensional theory on magnetic nulls. In an ideal
magnetic evolution, a singular current density arises
along field lines that strike a null [28], but the in-
distinguishability of magnetic field lines that come
within a distance c/ωpe anywhere along their trajec-
tories makes the interpretation of this result subtle.
The separation of magnetic field lines is greatest, not
least, near a null [11].
Three dimensionality, even on the small spatial
scales of turbulence, enhances the reconnection rate
by making the magnetic field lines chaotic. Early
work on this topic was the 1999 paper by Lazar-
ian and Vishniac [29], and work continues on this
area to the present [30, 31]. But as discussed in the
Introduction, large-scale stirring enhances topology
breaking over large spatial scales with much smaller
flows than those required by turbulence. For system-
wide mixing, the optimal spatial scale for the flows
is system-wide.
As stated in the Introduction, the objective of this
paper is to help readers obtain an understanding
of the importance and nature of Lagrangian meth-
ods. The concept of a Lagrangian analysis arose in
the eighteenth century. Sir Horace Lamb in Sec-
tion 3 of Chapter I of Hydrodynamics discusses [32]
the Eulerian and Lagrangian analysis of fluid mo-
tion: “The equations obtained in these two plans are
conveniently designated, as by German mathemati-
cians, as the ‘Eulerian’ and the ‘Lagrangian’ forms
of the hydrodynamic equations, although both forms
are due to Euler.” The references cited by Lamb date
from 1755 to 1781. Neither magnetic reconnection
nor thermal transport can be understood without
the use of a Lagrangian analysis.
Understanding of magnetic reconnection could be
greatly advanced by numerical studies of simple
models such as the one described in [8] and illus-
trated in Figure 1c. A further simplification would
be to place a perfectly-conducting cylindrical shell
of radius a between the two perfectly-conducting
ends and have the flowing perfect conductor moving
with a velocity ~vf = zˆ × ~∇hv. In cylindrical coor-
dinates, rdr/dt = −∂hv/∂θ and rdθ/dt = ∂hv/∂r.
The canonical variables are ( 12r
2, θ). A form for the
Hamiltonian hv(r, θ, t) that has ~vf = 0 on the r = a
curve is
hv =
a2
τh
∑
j
Cj
( r
a
)j (
1− r
2
a2
)2
e−λ
2r2/a2 ×
× cos(jθ) sin
(
ωj
t
τh
)
, (115)
where τh is a characteristic time scale, which is re-
lated to τev, the Cj are dimensionless constants, the
ωjk/τh are frequencies, and λ
2 is a localization pa-
rameter. At least one Cj with j > 0 needs to be
non-zero for ~vf to be chaotic. When only C0 = 1
is non-zero, then the magnetic field lines swing back
and forth with an amplitude θs(r) with r constant;
θ = θ0 − θs(r)
{
1− cos
(
ω0
t
τh
)}
; (116)
θs(r) ≡ 2
ω0
(
1− r
2
a2
){
2
+λ2
(
1− r
2
a2
)}
e−λ
2r2/a2 . (117)
The dimensionless frequency ω0 can be chosen freely.
As demonstrated by the map given in [11], there
is no need for the twist of the magnetic field lines
to be as large as 2pi to achieve chaos, which means
exponentially separating trajectories. The twist can
be sufficiently small to avoid kink instabilities. The
conducting shell at r = a gives a sharp localization,
but the effect on the overall problem can be made
small by choosing a non-zero λ2.
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Appendix A: Evolution of ~∇ · ~v and ~∇× ~v
The equation of motion of an ideal gas subject
to the force of gravity, Equation (16), illustrates the
fundamentally different evolution of ~∇·~v from ~∇×~v.
When ~∇ · ~v 6= 0, Equation (16) for the velocity
evolution can be linearized to ∂~v/∂t = −(~∇p)/ρ+~g
while studying the evolution of a velocity divergence;
the pressure is p = ρT/mp.
∂(~∇ · ~v)
∂t
= −~∇ ·
(
~∇p
ρ
− ~g
)
(A1)
= −~∇ ·
(
T
mp
~∇ρ
ρ
+
~∇T
mp
)
. (A2)
When the velocity is small, the density and temper-
ature are close to their ~v = 0 values, ρ = ρ0 + ρ˜
and T = T0 + T˜ , where ∂ρ˜/∂t = −ρ0~∇ · ~v and
∂T˜ /∂t = −(2T0/3)~∇ · ~v. Using these relations
∂2(~∇ · ~v)
∂t2
=
5T0
3mp
∇2(~∇ · ~v), (A3)
so a divergence in the velocity, ~∇ · ~v, propagates as
a sound wave through an ideal gas.
When ~∇ · ~v = 0 but ~∇× ~v 6= 0, a vector identity
implies ~v · ~∇~v = ~∇v2/2 − ~v × (~∇ × ~v). The curl of
Equation (16) for the velocity evolution implies that
~ω ≡ ~∇× ~v obeys
∂~ω
∂t
+ ~v · ~∇~ω − ~ω · ~∇~v = −~∇×
(
~∇p
ρ
)
(A4)
= −~∇×
(
T ~∇p
mpp
)
' ~g ×
~∇T
T
. (A5)
using p = ρT/mp and ~∇p ' ρ~g. When zˆ is a sym-
metry direction, so the flow is in the x − y plane
~ω · ~∇~v = 0, and ~v = −~∇× (hv zˆ) so vx = −∂hv/∂y,
vy = ∂hv/∂x, and ω = ∇2hv(x, y, t). The gravita-
tional acceleration is ~g = −gyˆ and ~g × ~∇T˜ /T0 =
zˆg(∂T˜ /∂x)/T0, assuming the spatially variable part
of the temperature T˜ is small compared to the
spatially averaged temperature T0. Equation (A5)
then produces a vorticity that is non-zero but has
a zero spatial average;
〈
(g/T )(∂T˜ /∂x)
〉
= 0, so
d
〈
ω
〉
/dt = 0.
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